We calculate the masses and weak decay constants of flavorless ground and radially excited J P = 1 − mesons and the corresponding quantities for the K * , within a Poincaré covariant continuum framework based on the Bethe-Salpeter equation. We use in both, the quark's gap equation and the meson bound-state equation, an infrared massive and finite interaction in the leading symmetrypreserving truncation. While our numerical results are in rather good agreement with experimental values where they are available, no single parametrization of the QCD inspired interaction reproduces simultaneously the ground and excited mass spectrum, which confirms earlier work on pseudoscalar mesons. This feature being a consequence of the lowest truncation, we pin down the range and strength of the interaction in both cases to identify common qualitative features that may help to tune future interaction models beyond the rainbow-ladder approximation.
I. INTRODUCTION
Vector mesons play an important role in the physics of strong interactions and hadron phenomenology. Since these mesons and the photon share the same quantum numbers, J P C = 1 −− , flavorless neutral vector mesons can directly couple to the photon via an electromagnetic current. Historically, this led to the vector meson dominance model . Compared to other mesons their production can be measured with very high precision, for instance in electron-positron collisions via the process e + e − → γ * →qq which provides a much cleaner signal than hadronic reactions. Notwithstanding complications with hadronic final states, vector mesons are abundant decay products in electroproduction of excited nucleons [1, 2] , N * , and exclusive vector meson production reactions are responsible for a large fraction of the total hadronic cross section and precede di-lepton decays in relativistic heavy-ion collisions [3] . In flavor physics, exclusive B decays with final-state vector mesons, e.g. B → V π, B → V ν , B → V µ + µ − or B → V γ, are a central component of the LHCb experimental program and the B → K * µ + µ − and B s → K * µ + µ − decays are of particular interest, as their angular distributions are very sensitive probes of new physics [4] [5] [6] [7] [8] [9] . In the latter cases, a precise knowledge of the pseudoscalar and vector meson light-cone distribution amplitudes is essential [10] .
A characteristic feature of the 1 −− ground-state vector mesons is their predominant occurrence as pureqq states: in the case of the ω(782) and φ(1020) mesons the vector flavor-nonet mixing angle is close to ideal mixing, i.e. * Electronic address: fremo22@gmail.com † Electronic address: cvera@ut.edu.co ‡ Electronic address: rojas@gfif.udea.edu.co § Electronic address: bruno.bennich@cruzeirodosul.edu.br φ(1020) is nearly a pure |ss state and ω = (ūu+dd)/ √ 2. This ideal mixing is not evident in pseudoscalar and scalar meson multiplets. Thus, vector mesons as decay products of heavier non-vector mesons are a very good probe of their flavor content measured in their respective decay rates into different types of mesons.
The study of vector mesons is complementary to that of light pseudoscalar mesons, the Goldstone bosons, as their masses are more in agreement with the sum of their typical constituent quark masses. This stands in contrast to the light pseudoscalar's properties best described by the dichotomy of dynamical chiral symmetry breaking (DCSB), which generates a light-quark mass consistent with typical empirical constituent masses [11] [12] [13] [14] [15] even in the chiral limit, yet also produces a very light Goldstone boson due to explicit breaking of chiral symmetry of non-zero current-quark masses. These characteristic features of the light pseudoscalar octet are dictated by an axialvector Ward-Green-Takahashi identity which relates dynamical quantities in the chiral limit. Most chiefly, it implies that the leading Lorentz covariant in the pseudoscalar quark-antiquark γ 5 channel is equal to B(p 2 )/f π , where B(p 2 ) is the scalar component of the chiral quark self energy. As a corollary, the the two-body problem is solved almost completely once a nontrivial solution of the gap equation is found.
This remarkable fact facilitates the phenomenology of light pseudoscalar and is taken advantage of within the joint approach of the Dyson-Schwinger equation (DSE) and Bethe-Salpeter equation (BSE) in continuum Quantum Chromodynamics (QCD) [2, [16] [17] [18] [19] [20] [21] [22] . That is because in both, the two-point and four-point Green functions, the axialvector Ward-Green-Takahashi identity is preserved by their simplest approximation, namely the rainbow-ladder (RL) truncation. There is no reason to expect a priori this truncation to be as successful in describing vector mesons whose solutions contain double the amount of covariants and whose higher masses sam-ple the quark propagator in larger domain of the complex p 2 plane. Moreover, the axialvector Ward-GreenTakahashi identity does not constrain the transverse components of the vector meson Bethe-Salpeter amplitude (BSA). Nonetheless, the simplest truncation carried out with the Maris-Tandy model [23, 24] for the quark-gluon interaction function works remarkably well for the lowest ground-state vector mesons, such as the ρ, ω, K * and φ mesons.
We here reassess the seminal work on vector mesons by Maris and Tandy [24] within a modern understanding of the QCD interactions [25, 26] . This ansatz produces an infrared behavior of the interaction, commonly described by a "dressing function" G(k 2 ), that mirrors the decoupling solution found in DSE and lattice studies of the gluon propagator [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] . This solution is a bounded and regular function of spacelike momenta with a maximum value at k 2 = 0. Our aim is to compute the mass spectrum of the ground and radially excited states of the light, strange and charm vector mesons as well as of vector charmonia and bottomia [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] which were also the object of lattice-regularized QCD studies [50] [51] [52] ; in addition we compute their weak decay constants whose precise knowledge is important in hadronic observables measured by LHCb and FAIR-GSI, for example.
II. BOUND STATES IN THE VECTOR CHANNEL
In analogy with previous work on pseudoscalar ground and excited states [53] , we employ the RL truncation in both, the quark's DSE and the vector meson's BSE, which is the leading term in a symmetry-preserving truncation scheme. The following two sections detail their respective kernels and lay out the setup for the numerical implementation to compute vector meson properties.
A. Quark Gap Equation
The quark's gap equation is generally described by the DSE,
where q = k−p, Z 1,2 (µ, Λ) are the vertex and quark wavefunction renormalization constants, respectively, and 1 We employ throughout a Euclidean metric in our notation:
represents throughout a Poincaré-invariant regularization of the integral with the regularization mass scale, Λ. Radiative gluon corrections in the second term of Eq. (1) add to the current-quark bare mass, m bm (Λ), where the integral is over the dressed gluon propagator, D µν (q), and the dressed quark-gluon vertex, Γ a ν (k, p); the SU(3) matrices, λ a , are in the fundamental representation. The gluon propagator is purely transversal in Landau gauge,
where ∆(k 2 ) is the gluon-dressing function. In RL approximation, the quark-gluon vertex is simply given by its perturbative limit,
and since we neglect the three-gluon vertex and work in the "Abelian" version of QCD which enforces a WardGreen-Takahashi identity [23, 54, 55] , Z 1 = Z 2 , we reexpress the kernel of Eq. (1),
where we suppress color factors and D free µν (q) := g µν − q µ q ν /q 2 /q 2 is the free gluon propagator. An effective model coupling, whose momentum-dependence is congruent with DSE-and lattice-QCD results and yields successful explanations of numerous hadron observables [2, 22, 53, 56] , is given by the sum of two scale-distinct contributions:
The first term is an infrared-massive and finite ansatz for the interaction, where
The parameters ω and D control the width and strength of the interaction, respectively. At first sight they seem to be independent, yet a large collection of observables of ground-state vector and isospin-nonzero pseudoscalar mesons are practically insensitive to variations of ω ∈ [0.4, 0.6] GeV, as long as Dω = constant. The second term in Eq. (5) is a bounded, monotonically decreasing continuation of the perturbative-QCD running coupling for all spacelike values of q 2 . The most important feature of this ansatz is that it provides sufficient strength to realize DCSB and implements a confined-gluon interaction [22] . At k 2 2 GeV 2 , the perturbative component dominates the interaction. In Figure 1 we plot the interaction, G(q 2 ) in Eq. (5) for a typical value, wD = (0.8 GeV)
3 and ω = 0.4 [53] , employed in RL approximation as well as for other values of ω to illustrate the decrease of and shift towards larger k 2 of its strength. For ω 0.6, the 
FIG. 1: (Color online)
The solid indigo curves correspond to the effective coupling strength G in Ref. [25] with wD = (0.8 GeV) 3 ; the dashed-dotted magenta curve depicts the effective strength in the Maris-Tandy model [24] ; the dotted red curve corresponds to the effective strength extracted from lattice QCD data by using the maximum entropy method (MEM); see Ref. [57] for details.
functional form of the interaction is more akin to that employed in combination with a ghost-dressed Ball-Chiu vertex [57] [58] [59] .
The solutions for spacelike momenta, p 2 > 0, of the gap equation (1) include a vector and a scalar piece,
for a given flavor, f , which requires a renormalization condition for the quark's wave function,
This imposed condition is supported by lattice-QCD simulations of the dressed-quark propagator. The mass func-
, is renormalizationpoint independent. In order to reproduce the quark-mass value in perturbative QCD, another renormalization condition is imposed,
at a large spacelike renormalization point, µ 2 Λ 2 QCD , where m f (µ) is the renormalized running quark mass:
Here, Z
is the flavor dependent mass-renormalization constant and Z f 4 (µ, Λ) is associated with the mass term in Lagrangian. In particular, m f (µ) is nothing else but the dressed-quark mass function evaluated at one particular deep spacelike point,
B. Vector Bound-State Equation
The wave function of a bound state of a quark of flavor, f , and an antiquark of flavor,ḡ, in the 1 − channel is related to their BSA, Γ fḡ V µ (p, P ), which for a relative momentum, p, and total momentum, P , is obtained from the homogeneous BSE, (10) where k + = k + η + P, k − = k − η − P ; η + + η − = 1. We employ a ladder truncation of the BSE kernel consistent with that of the quark's DSE (4),
which satisfies an axial-vector Ward-Green-Takahashi identity [60] and consequently the pseudoscalar mesons are massless in the chiral limit. The BSE defines an eigenvalue problem with physical on-shell solutions for
for the ground state and for the radially excited states,
Vn , n = 1, 2, 3.... As we are interested in radially excited J P = 1 − states, the question arises whether they can be described by the interaction in Eq. (5) with exactly the same parameter set as for ground states, whether the parameters have to be adjusted or whether the truncation fails to achieve at least a reasonable description of their mass spectrum. The masses and weak decay constants of excited states are very sensitive to the strength and width of the longrange term in Eq. (5), which provides more support at large inter-quark separation than, e.g., the Maris-Tandy model [24] . In here, we extend the studies of Refs. [25, 53] to the excited states of vector mesons with an interaction that differs from those employed in Ref. [48] . We also refer to the discussion in Ref. [61] , where it is pointed out that beyond-RL contributions are important in heavylight mesons due to the strikingly different impact of the quark-gluon vertex dressing for a light and a heavy quark. The effects of DSCB and the importance of other quarkgluon tensor structures are increasingly more important for lighter quarks [22, 55] . Thus, one does not expect the RL truncation to accurately describe either the ground nor the excited states of charm and beauty mesons. On the other hand, the RL approximation describes very well equal-mass bound states, such as quarkonia [40] [41] [42] [43] [44] [45] [46] [47] [48] .
The normalization condition for the Bethe-Salpeter amplitude is,
The charge-conjugated BSA is defined asΓ(k, −P ) := C Γ T (−k, −P )C T , where C is the charge conjugation operator.
Finally, the weak decay constant for 1 − meson is defined as, 
III. NUMERICAL IMPLEMENTATION
A. Quark Propagators on the Complex Plane
In solving the BSE (10), the quark propagators with momentum (k ± P )
, where k is collinear with P = ( 0, iM V ) in the meson's rest frame, must necessarily be treated in the complex plane [48, 53] . Complex-conjugate pole positions of the propagators depend on the analytical form of the interaction and can be represented by analytical expressions based on a complex-conjugate pole model [62] :
(15) The propagator in Eq. (15) is pole-less on the real timelike axis and therefore has no Källén-Lehmann representation, which is a sufficient condition to implement confinement [2, 16] . The numerical DSE solutions we obtain on the complex plane [53, 61] can be fitted with n = 3 complex-conjugate poles. We solve the BSE (10) both ways, employing full numerical DSE solutions for the quark in the complex plane and the pole model in Eq. (15) and find agreement at the one-percent level for the vector meson masses and decay constants.
With respect to the current-quark masses given by,
where Z 
B. Solving the Bethe-Salpeter Equation
The general Poincaré-invariant form of the solutions of Eq. (10) in the vector meson channel and for the eigenvalue trajectory,
Vn , in a orthogonal base with respect to the Dirac trace is given by:
with the dimensionless orthogonal Dirac basis [24] ,
The C-parity properties of this basis are elucidated elsewhere [24] and the transverse projection, V T , is defined by,
with q · P = qP cos θ. These covariants satisfy the orthonormality condition,
where the functions f α (z) are given by f 1 (z) = 1, f α (z) = 
Making use of the covariant decomposition in Eq. (17) and the orthogonality relations (28), the homogeneous BSE (10) with the kernel (11) can be recast in a set of eight coupled-integral equations, 
For every solution eigenvector, F n , there exists a mass, M Vn , such that λ n (−M 2 Vn ) = 1 [53, 56, [63] [64] [65] [66] . The set of masses, M Vn , represents the radially excited meson spectrum of quark-antiquark bound states with J P = 1 − . In order to improve a faster convergence in solving the coupled equations (30), we expand the eigenfunction into Chebyshev polynomials,
where the U m (z) are Chebyshev polynomials of second kind and the angles,
, and momenta, k and p, are discretized [53] . We employ three Chebyshev polynomials for the ground and five for excited states. We solve the eigenvalue problem posed in Eq. (31) by means of the implicitly restarted Arnoldi method, as implemented in the ARPACK library [67] which computes the eigenvalue spectrum for a given N × N matrix. A practical implementation requires a mapping of the BSE kernel K αβ (p, k, P ) onto such a square matrix and is described in detail in Ref. [53] .
We obtain the eigenvalue spectrum, λ n (P 2 ), of the kernel in Eq. (30) and the associated eigenvectors, F n of the vector meson's BSAs where the root, M Vn , of the equation
Vn ) − 1 = 0 is found by employing the Numerical Recipe [68] subroutines zbrent and rtsec. We verify the ARPACK solutions with the commonly used iterative procedure and find excellent agreement of the order 10 −16 .
IV. DISCUSSION OF RESULTS
We summarize our results for the mass spectrum and weak decay constants of the flavor-singlet and lightflavored vector mesons in Tables I and II , where the DSE and BSE are solved for two interaction, G(q 2 ), parameter sets in Eq. (5), namely ω = 0.4 GeV and ω = 0.6 GeV and the fixed value ωD = (0.8 GeV)
3 ; see also discussion in Ref. [56] . In Table I , we list the 1 − masses for the ground state and first radial excitation following the Particle Data Group (PDG) conventions [69] , whereas in Table II this is done for the weak decay constants.
A direct comparison of the mass and decay constant entries in both model-interaction columns reveals that the values obtained with ω = 0.4 GeV are in much better agreement with experimental values of the 1 − ground states, namely in case of the ρ, K * (892), φ(1020) and J/ψ, whose ω dependence in the range ω ∈ [0.4, 0.6] GeV is rather weak. On the other hand, for ω = 0.6 GeV the masses obtained for the radially excited states, φ(1680) and ψ(2S), are only marginally better. It turns out that in the RL approximation, a realistic description of the radially excited vector meson masses is not possible with ωD = (0.8 GeV)
3 . (5), and we exemplify the spectrum for the values ω = 0.4 GeV and ω = 0.6 GeV with ωD = (0.8 GeV)
3 fixed. We consider the ground state and first radial resonance, n = 0, 1, and compare with experimental values of the PDG [69] whose conventions we use in the last column.
We thus choose ωD = (1.1 GeV) 3 and ω = 0.6 GeV for which the numerical mass and decay constant values of the radially excited states are presented in Table III and compare well with experimental values, yet the ground states are no longer insensitive to ω variations for ωD = (1.1 GeV)
3 [56] . In order to maintain m π = 0.138 GeV, ω must increase beyond our reference value, ω = 0.6 GeV, for the excited spectrum. These Table I for explanations. Reference values for fV n are listed in the last column when available [69] . The long dash stands for numerically unstable results; i.e. the integral expression (14) does not stabilize with increasing numbers of Chebyshev moments. In the last column, experimental decay constants are extracted from the PDG values [69] using the formulae in Appendix A. (5) and the parameter values ω = 0.6 GeV and ωD = (1.1 GeV) 3 . The long dash denotes numerically unstable results. In the first and fifth columns, experimental masses [69] and reference values for the decay constants fV n are given when available. Experimental values for fV n are extracted from the PDG [69] using the formulae in Appendix A.
results confirm an analogous trend observed for pseudoscalar mesons [53] . Nonetheless, the ground states are noticeably less dependent on the ωD values than the radial excitations where large mass differences are observed between both parameter sets. This agrees with the observations made in Refs. [53, 56] and extends them to the strange and charm vector mesons: the quantity r ω := 1/ω is a length scale that measures the range of the interaction's infrared component in Eq. (5) . The radially excited states were shown to be more sensitive to longrange characteristics of G(q 2 ) than the ground states and we confirm that the mass of the radially excited states is lowered when r ω decreases except in case of the φ(1680) and ψ(2S) mesons.
The masses of the ground and the radial excitation states of the vector mesons we find correspond to the first and third eigenvalues (from highest to lowest), respectively. This is because the second eigenvalue does not correspond to 1 −− states since the even Chebyshev moments are strongly suppressed. The exceptions are the ρ(1450) using Dω = (1.1 GeV) 3 and the K * (1410) with Dω = (0.8 GeV) 3 and ω = 0.6 where the radial excitation does correspond to the second eigenvalue. (NB: the radial excitations have identical quantum numbers as the ground state; therefore, the odd Chebyshev polynomials must be suppressed as it occurs for the ground states).
In summary, we do not find a parameter set that describes equally well the entire mass spectrum of ground and excited states, which demonstrates the insufficiency of this truncation and confirms our finding in the pseudoscalar channel [53] .
V. CONCLUSION
We computed the BSAs for the ground and first excited states of the flavor-singlet and light-flavored vector mesons with an interaction ansatz that is massive and finite in the infrared and massless in the ultraviolet domain. This interaction is qualitatively in accordance with the so-called decoupling solutions of the gluon's dressing function and thus supersedes the Maris-Tandy model [24] that vanishes at small momentum squared. In conjunction with the RL truncation, the latter proved to be a successful interaction model for the flavorless light pseudoscalar and vector mesons as well as quarkonia.
Motivated by the successful application of this interaction to the mass spectrum of light vector mesons as well as some of their excited states in Ref. [56] , we extend this study to the strange and charm sectors and obtain the masses of ground and radially excited states as presented in Table I and also compute their weak decay constants.
The numerical values obtained are in good agreement with experimental data in case of ground states, but the same parametrization yields values that compare poorly with experiment for the excited states. We thus confirm our earlier observation that no single parametrization of Eq (5) is suitable to reproduce the mass spectrum of both, the ground and excited states in RL truncation. Although not explicitly detailed here, this approximation also fails to produce the correct masses for the D (s) and B (s) vector mesons and the discrepancy is even more pronounced than in the case of charmed pseudoscalar mesons [53] . Reasons for this were put forward, e.g., in Ref. [61] .
It has therefore become strikingly clear that a unified description of flavored pseudoscalar and vector mesons, quarkonia and their radial excitations can only be achieved within a treatment of the BSE beyond the leading truncation.
In this expression, Q is the charge of the quarks in the meson and α is the fine structure constant.
